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Abstract: Given a functional equation and its solution, e.g., (∗) below (one of our 
four equations) 
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(viz., an equation, where the unknown functions H and K occur free from differential 
and integral operators) which is solved (via differentiation of the same) by the 
reduction to a differential equation, the second part of Hilbert’s fifth problem [7] 
(HP#5.2, for short) requires the solution of the same or suitably modified functional 
equation with much weaker regularity conditions than the differentiability of the 
unknown functions (e.g. continuity, measurability, etc.) in such a way that the 
solution is the same or similarly modified. This talk presents the strongest ever 
solution of HP#5.2 in that two initial value problems for functional equations 
(solved by the reduction to ordinary and partial differential equation Cauchy 
problems) are given such that the suitably modified functional equation, e.g., the 
discrete analogue of (∗) above 
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needs no regularity condition at all for its solution – that is the weakest ever 
regularity condition in the HP#5.2 sense. Further, the solutions with no regularity 
conditions are the discrete analogue of those in the differentiability case, see, e.g., 

(∗), since the Riemann-integral operator ∫  and the continuous arbitrary function 

[ ) R→∞,0:h  occurring in the latter are replaced by the summation operator Σ 
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and an arbitrary sequence RN →:x  in the former. Initial value problems for 
functional equations have not occurred thus far in the functional equation literature, 
see the References. In particular, the functional equations referred to above are in 
two unknowns, and the partial differential equations arising from differentiating 
them are actually (linear first order) mixed partial-ordinary differential equations in 
two unknowns, too. Finally, as a by-product, the solutions of the said functional 
equations initial value problems and Cauchy problems generalise, with fewer 
assumptions or “axioms”, the well-known Kolmogorov [9] and Nagumo [12] four-
axiom discrete mean-value. 
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